Inertia moments

Ex. 5. For the shape shown in the figure, find the main central moments of inertia. Data: m;, m,=my,
mMs=2ms, Ms=3mj.
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1. Inthis example, basically you can see the division of the shape into simple elements. This was
done due to the fact that the example will be shown for mass moments. However, if the
problem concerns only the geometric shape (assuming that the density is constant and is 1),
then everyone will have to make such a division by themselves.
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2. We divide the figure into four simple shapes: 1 - material point, 2 - rod, 3 - rectangle and 4 -
triangle.
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3. For such figures, we can determine the location of the center of gravity for each of the
elements into which we divided our shape.
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In the next step, we must determine the location of the center of gravity of each simple
element using coordinates in the adopted system.
Xi=3a; Y, =2q;
Xy, =2a; Y, =2aq;
X;=05a; Y;=q;
4 1

§a; Y4,:§a;

Once we have specified coordinates for each center of gravity, we can determine the center
of gravity for the whole figure.
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In this way, we determined the location of the center of gravity of the whole figure, and

more axes passing through the center of gravity of the system. We will need these axes to
determine the main central moments of inertia.
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We will need these axes to determine the main central moments of inertia.
In the next step, for each of the separated shapes, moments of inertia and moments of

deviation relative to the axes passing through their centers of gravity.
Iy = 0; Iyl =0; Dxlyl = 0;

m,(2a)® .
L, =0; Iyz = T; Dx2y2 =0
ms(2a)? mya® _
b= bem g D =0
mya? mya? maaa.
b =g T P = T

Once we know the values of the moments of inertia, relative to the axes passing through the
center of gravity of each figure, we can proceed to the next step. In the next step, we will
create a parallel transformation to check how much the moment of inertia will be for each
figure relative to the coordinate system passing through the center of gravity of the entire
shape. The solution will be shown in detail for one of the axes, the other axis will be similar.
We are interested in Steiner's theorem which he says

Iy = I +mr?
Because we are interested in shifting from systems passing through the centers of gravity of
simple figures to the center of gravity of the entire shape, we must write the following
equation.

Le = Lyg + mur? + Ly + many? + Lig + mars? + Ly + myn?

Because we want to know the moment of inertia about the central axes for the whole figure,
we put the sum of Steiner's theorem for each of the simple figures in the equation.

The distances marked in the equation as r with the appropriate index are actually differences
in the coordinates of the respective axes. When calculating moments of inertia relative to the
X axis, each of the X axes passes through the coordinate on the Y axis. To better understand
this, please look at the following images together with information on how to write r for each
of the individual figures
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9. Ultimately, our equation takes the following form for the X axis

Lie =L + My = y)2 + Lo + My, — Yo)? + Lz + ma(y3 — ¥ ) + Ly
+ my (s — yc)?

for the Y axis
ch =1y t+ ml(xl - xc)z + IyZ + mz(xz - xc)z + Iy3 + m3(x3 - xc)z + Iy4
+my (xy — x)?
for the moment of deviation

Dycye = Dyx1y1 + my(x1 — xc) (V1 — Ye) + Dxayz + Ma(xz — ) (V2 — ¥e) + Dysys
+m3(x3 — x) (V3 — Ye) + Dyaya + ma(xy — %) (Vs — Ye)

10. In the next step, we insert values into our equations

Lie=La+m1 —Y)* + Lo+ My = ¥)? + Lz + ma(y3 — yo)? + L
+my (Vs — yc)?

2m,(2a)?
=0+m1(2a—a)2+0+m1(2a—a)2+#

D + 2m,(a — a)?

3m,a? 1 2 25
+ 18 +3m1(§a—a) =?m1a
Lye =1y + my(xq — xc)? + Ly, +my(x, — xc)? + Iy + mg(x3 — xc)? + Ly

+my(xy — x)?

10 \* my(2a)? 10 \* 2m,a?
=0+m1(3a—7a> +T+m1<2a—7a> 12

1 10 \* 3mya? 4 10 \? 3 )

+2m1(5a—7a) + 18 +3m1<§a—7a> =5Em1a



Dxcyc = Dx1y1 +my (xl - xc)(Yl - YC) + Dx2y2 +m; (xz - xc)()’Z - YC) + Dx3y3
+mg3 (x3 - Xc)(}/3 - yc) + Dx4y4 + m4(x4 - XC)(}/4 - YC)

10 10
=0+m1(3a—7a)(2a—a)+0+m1(2a—7a)(2a—a)+0

+2 (1 10 )( ) m4aa+3 (4 10 )(1 )
mlza 7aaa 36 mlga 7a 3aa

_21 2

= 4m1a

11. When we have counted the central moments of inertia, we can proceed to the calculation of
the main central moments of inertia. For this purpose, we will use the equations given for
rotational transformation of inertia moments.

1 2Dy, )
Qg = zarctan
) (Iy — I

1 1
I = I = 5 (I + 1) + E\/(I" —1,)* +4D,,’

1 1 2 )
I = Ipin = E(Ix +1,) - E\/(I" —1,)" + 4Dy,
12. First, we check the angle by which the central coordinate system should be rotated to find
the main axis system.

an, = —arctan = —qarctan = —qarctan
072 2 2 3
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I, — I, Ly — Ixc
= 38°26'
13. We rotate the central system by the calculated angle
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14. We calculate the values of the moments of inertia relative to the rotated coordinate system

1 1
b= g = 5 (L +1,) + E\/(Ix —1,)" +4D,,”

1 1 2
=3 (e + Iye) + 2 \/ (Iie = Lye)” + 4Dyeyc”
_ 1 (25 2 e 3 2)
= 2 6 mia 14m1a

1 25 P 3 2 2 1 2 2 2
+E (zmla —Sﬁm1a) +4*(21m1a) =7mia
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I = Inin = 5 (L +1,) = E\/(IX —1,)" +4D,,”

1 1
) (Tee + 1) = E\/(Ixc - IyC)Z + 4DxCYC2

1,25 ) 3 )
:—(—mla +5—m1a>

2\ 6 14
1 25 2 3 2 2 1 2 2 2
-3 (?mﬂ _Sﬁmla ) + 4 % (ZZmla ) = 2,38mya

15. Once we know the values of the main central moments of inertia, it remains to mark them
on the axes. For this purpose, we check what sign was at the calculated moment of deviation
relative to the central axes. We see that the value of the moment of deviation is greater than
zero, therefore the axes will be marked as shown.
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